Turbulent dynamo field amplification has often been invoked to explain the strong field strengths in thin rims in supernova shocks (∼ 100 µG) and in radio relics in galaxy clusters (∼ µG). We present high resolution MHD simulations of the interaction between pre-shock turbulence, clumping and shocks, to quantify the conditions under which turbulent dynamo amplification can be significant. We demonstrate numerically converged field amplification which scales with Alfvén Mach number, B/B 0 ∝ M A , up to M A ∼ 150. This implies that the post-shock field strength is relatively independent of the seed field. Amplification is dominated by compression at low M A , and stretching (turbulent amplification) at high M A . For high M A , the B-field grows exponentially and saturates at equipartition with turbulence, while the vorticity jumps sharply at the shock and subsequently decays; the resulting field is orientated predominately along the shock normal (an effect only apparent in 3D and not 2D). This agrees with the radial field bias seen in supernova remnants. By contrast, for low M A , field amplification is mostly compressional, relatively modest, and results in a predominantly perpendicular field. The latter is consistent with the polarization seen in radio relics. Our results are relatively robust to the assumed level of gas clumping. Our results imply that the turbulent dynamo may be important for supernovae, but is only consistent with the field strength, and not geometry, for cluster radio relics. For the latter, this implies strong preexisting B-fields in the ambient cluster outskirts.
INTRODUCTION
Strong magnetic fields are often inferred from synchrotron emission immediately downstream of shocks, often far in excess of what might be expected in the ambient environment. Two key examples are radio relics in galaxy clusters and supernova (SN) thin rims in the interstellar medium (ISM). The origin of these strong magnetic fields is still debated. In this paper, we carefully assess the possibility that fields are amplified by turbulence in the postshock region.
Radio relics are diffuse, large-scale (∼ Mpc) sites of synchrotron emission on the periphery of galaxy clusters undergoing mergers (e.g., see Ferrari et al. (2008) ; Brüggen et al. (2012) ; Brunetti & Jones (2014) for reviews). They are generally thought to be associated with shocks, due to their elongated morphology, the fact that they often come in pairs aligned with the merger axis, and the coincidence of X-ray detected shocks with radio relics. They are also polarized (usually ∼ 10−30%), with B-fields aligned with the E-mail: suoqing@physics.ucsb.edu shock front. Mach numbers inferred from X-ray observations and radio spectral indices indicate weak shocks (M ∼ 2 − 4), consistent with expectations from cosmological simulations (Hoeft et al. 2008; Battaglia et al. 2009; Skillman et al. 2011) . Radio relics offer an opportunity to study particle acceleration and magnetic field amplification in a large-scale, low Mach number regime far removed from the high Mach number conditions probed by local supernova remnants (SNRs). A spectacular example is CIZA J2242.8+5301, the 'sausage relic ' (van Weeren et al. 2010) , a large (∼ 2 Mpc long; located ∼ 1.5 Mpc from the cluster center) double radio relic system. The post-shock radio spectral index was used to infer the particle spectral slope and hence the shock compression ratio and Mach number (M ∼ 4.6) 1 , while the increase in the spectral index (from ∼ 0.6 to ∼ 2.0 across the narrow ∼ 55 kpc relic width) toward the cluster center-spectral aging due to synchrotron and inverse Compton losses-was used to infer magnetic field strengths of ∼ 5 µG. Strong (∼ 50 − 60%) polarization was observed.
The origin and orientation of the high B-fields in such relics presents an interesting puzzle. Faraday rotation measurements near the cluster center indicate µG fields, generally thought to be due to the action of a turbulent dynamo 2 which brings the B-field up to equipartition with the turbulent velocity field (Subramanian et al. 2006; Dubois & Teyssier 2008; Dolag et al. 2009 ). However, the existence of fields of similar ∼ µG strength at distances approaching the cluster virial radius is harder to explain.
Supernova remnants also show amplified magnetic fields. In some regions of the remnant, they can be up to ∼ 100 times stronger than present in the ambient ISM, far greater than the compressional amplification of ∼ 4 possible at a strong shock. Particularly interesting are the detection of synchrotron thin rims in young SN remnants where non-thermal emission extends to the Xray, where ∼ 50 − 100 µG fields are inferred immediately downstream of the shock (e.g., Bamba et al. (2005) ). The thin widths are explained by rapid electron cooling, entirely analogous to the radio relic case 3 . Amplification of pre-shock fields must be extremely rapid due to the short time available before fluid is advected downstream. Such strong fields are also required to confine and accelerate cosmic rays (CRs) up to the observed 'knee' at ∼ 10 15 eV. Farther downstream, even higher fields might be possible (Vink & Laming 2003) . X-ray emission is filamentary and rapidly time variable, and in some cases fields as high as 1 mG have been suggested (Uchiyama et al. 2007) . Polarization is relatively modest, but there appears to be a net radial orientation in the body of the supernova remnant (Dickel et al. 1991; DeLaney et al. 2002; Reynoso et al. 2013) .
There are at least 3 possible explanations for amplification of post-shock magnetic fields: (i) Compressional amplification (Iapichino & Brüggen 2012) . This naturally explains the orientation of the post-shock field in radio relics, since compression only amplifies the component parallel to the shock. However, the amplification is modest (∼ 2.5 for a typical shock strength M ∼ 3), which implies strong ambient B-fields, perhaps generated by turbulence. If this is indeed the only viable mechanism, then relics provide power indirect constraints on B-fields and turbulence in cluster outskirts, which are difficult to obtain by other means. (ii) Current-driven instabilities (Bell 2004) , where the return current of thermal particles as CRs drift upstream amplify the traverse Bfield, and in particle-in-cell (PIC) simulations has been shown to amplify B-fields by ∼ 10 − 45 (Riquelme & Spitkovsky 2009 , 2010 . A major disadvantage is that fields are only generated on length scales comparable to the gyro-radius of the streaming particles. An inverse cascade is thus required to bring these fields to larger scales. Hybrid models where streaming CRs drive a turbulent dynamo also exist Drury & Downes 2012; Brüggen 2013) . (iii) Turbulent amplification. Studies of the interaction between shocks and ISM with density inhomogeneities due to Kolmogorov turbulence found a small scale dynamo driven by the baroclinic vorticity generated during shock-cloud interactions, which could indeed amplify the fields significantly (Giacalone & Jokipii 2007; Inoue et al. 2009; Guo et al. 2012; Sano et al. 2012; Fraschetti 2013; Inoue et al. 2013) . Turbulent amplification of Bfields due to the Richtmyer-Meshov instability has also been seen in laboratory-produced shock waves (Meinecke et al. 2014) . Small scale dynamos can provide exponential amplification on the eddy turnover time of the smallest eddies (Kulsrud 2005; Balsara & Kim 2005) .
In this paper, we critically examine the last possibility, since gas clumping is expected to be omnipresent in the ISM and intracluster medium (ICM). Note that all previous studies have focussed on conditions relevant to supernova remnants. There has been no detailed numerical work on turbulent field amplification applicable to cluster radio relics; we remedy this omission here. We also study conditions appropriate to the supernova case in parallel. We conduct a detailed survey of parameter space, convergence studies, comparison of 2D and 3D simulations, and compare to analytic expectations. The goal is to validate physical expectations and analytic scalings (e.g., scaling of B-field amplification with shock Mach number, Fraschetti (2013) ) so that reliable estimates of the importance of turbulent field amplification can be made. The outline of the paper is as follows: in §2, we describe our computational methods. In §3, we describe key parameters and theoretical expectations, and in §4, we present our findings. We conclude in §5. Throughout the text, M refers to sonic Mach number, while MA refers to Alfvén Mach number.
METHODS
The FLASH code (Fryxell et al. 2000) developed by the FLASH Center of the University of Chicago is the main code for our simulations. FLASH uses a directionally unsplit staggered mesh (USM) MHD solver to solve the following fundamental governing equations of inviscid ideal magnetohydrodynamics:
where p * = p + B 2 /(8π) is the total pressure including both gas pressure p and magnetic pressure B 2 /(8π), and ρE is the total energy density with E = 1/2ρv 2 + ρ + B 2 /(8π). The MHD solver is based on a finite-volume, high-order Godunov method combined with a constrained transport (CT) type of scheme which ensures the solenoidal constraint of the magnetic fields on a staggered mesh geometry (Tzeferacos et al. 2012; Lee 2013) . The Roe Riemann solver with piecewise parabolic (PPM) spatial reconstruction is adopted in our simulations.
For computational speed, we mostly perform 2D simulations, but also run a suite of 3D simulations and compare and contrast the results. Our fiducial simulations have a resolution of 2048 × 512. Unless otherwise noted, all results presented are at this resolution.
We begin by specifying the initial density field. As discussed in §3.1, we parametrize the density field as a lognormal distribution with a Kolmogorov-like power spectrum, as in Giacalone & Jokipii (2007) (see §3.1 for justification of these choices). The lognormal density distribution is given by:
where N is the total number of the modes, kx, ky and φ determine the directions and phases of the waves which are randomly chosen for each n, A is the normalization constant, and P (k) is power spectrum. To set up a density perturbation field, we adjust A to obtain a certain clumping factor C ≡ ρ 2 / ρ 2 , and adjust f0 to obtain a certain ρ . We adopt a Kolmogorov-like power-law spectrum to model spatial variations of the gas clumping:
where L is the coherence length. Since the power spectrum flattens for k −1 > L, this imposes an outer scale to the density fluctuations. For the initial density perturbation, we select the N = 1000 wave vectors with wavelength 0.05 ≤ λ ≤ 1 with the simulation domain size of 20 × 5, and for the power spectrum we apply L = 0.5; this represents an outer scale for the density fluctuations.
We have also explored various setups of initial magnetic field, which include perpendicular and parallel fields 4 as well as an isotropic field (in 3D). To generate the 3D isotropic magnetic field, we ensure it is divergence-free by taking the curl of a magnetic potential A:
where the magnetic potential A follows the power spectrum:
Since B(k) = ik × A(k), this implies a Kolmogorov-like powerlaw spectrum for the magnetic field:
The Kolmogorov-like scaling assumes that the initial B-field has reached saturation with a small-scale dynamo, due to a Kolmogorov-like velocity field. We keep the range of wave vectors k the same as those in density field generation. We generate the perturbation modes in k space and take an inverse fast Fourier transform (FFT) to get the magnetic potential in real space. Finally, we adjust the amplitude of magnetic field to obtain specific values of plasma β.
To introduce a shock, we set up a rigid reflecting piston with a specific velocity vp moving in the positive x direction. A shock propagating at vs = r/(r − 1)vp moves outward from the piston; for a strong shock, vs = 4/3vp. In the frame of the piston, this setup appears identical to that simulated by Giacalone & Jokipii (2007) , where moving fluid slams onto a rigid boundary, with a shock propagating outward. Since the boundary is rigid, the post-shock fluid has no net x-velocity relative to the piston, i.e. vx = vp. We implement inflow (outflow) boundary conditions on the left (right) and periodic boundary conditions on the top (bottom) as implemented in the FLASH code, which satisfy constrained transport and maintain zero B-field divergence. We adopt code units where ρ = 1, cs = 1 in the unperturbed pre-shock medium. We also implement default FLASH values for explicit artificial viscosity (0.1 in code units) for stability purposes. Explicit diffusion significantly reduces mixing and dissipation in grid simulations (Lecoanet et al. 2016) , allowing an effective increase of the inertial range. All the same, we take care to explicitly test convergence properties. In practice, we have found that at our resolutions, we are dominated by numerical viscosity at the grid scale; simulations without artificial viscosity are very similar.
THEORETICAL EXPECTATIONS

Key Parameters
In what follows, we consider B-field amplification behind a planar shock impinging on a clumpy medium. We would like to understand the B-field profile behind the shock, and in particular the immediate post-shock field, the maximum amplification Bmax/B0, the length scales on which it reaches this peak, and the post-shock magnetic geometry. We would also like to understand the relation of B-field amplification to vorticity generation and amplification. The assumption of plane geometry suffices whenever the shock curvature radius (or the scale on which the shock Mach number varies along the shock surface) is much larger than the scale height of density fluctuations. The latter determines the scale on which the shock surface is deformed and baroclinic vorticity is generated. This is generally satisfied for all ISM and ICM shocks, except for special cases of intersecting shocks, or the intersection of a shock with a large scale filament.
Before proceeding further, it is worth reminding ourselves of all the variables on which our calculations might depend:
(i) Pre-existing density field. We parametrize the pre-existing density field as a lognormal distribution with a Kolmogorov-like power spectrum 5 . Lognormal density distributions are observed directly in the ISM (Ridge et al. 2006; Wong et al. 2008 ) and seen in hydrodynamic simulations of the ICM (Zhuravleva et al. 2013) , and can be understood from the central limit theorem from the multiplicative effect of random, uncorrelated compressions/rarefactions (whose logarithms therefore add to give a normal distribution). While an additional high density tail may exist in conjuncture with the volume-filling lognormal component (Federrath et al. 2010; Zhuravleva et al. 2013) , we shall see that beyond a certain level of clumping, the turbulence induced by shock-clump interactions is only weakly dependent on the clumping factor. Kolmogorov-like 6 5 We do not expect our results to be very sensitive to spectrum of assumed density fluctuations. For instance, single-mode analysis or RMI B-field amplification (Sano et al. 2012) , gives broadly consistent conclusions. 6 While Kolmogorov turbulence assumes incompressible hydrodynamic flow, the ISM and the solar wind (where similar scalings are seen -e.g., Roberts (2010) ) are magnetized, compressible flows. Goldreich-Sridhar theory (Goldreich & Sridhar 1995) does predict that Alfvén and slow modes should have a Kolmogorov-like cascade perpendicular to the B-field, for incompressible flow. Naively, a Burgers-like k −2 scaling might be expected for supersonic compressible flow (Kritsuk et al. 2007) . Currently, the origin of this Kolmogorov-like scaling is not fully explained (Lazarian & density power spectra are inferred from ISM scintillation, producing the 'big power-law in the sky' (Armstrong et al. 1995) over 11 orders of magnitude, from 10 7 to 10 18 cm, and (less directly) in the ICM, from X-ray surface brightness fluctuations (Gaspari & Churazov 2013; Zhuravleva et al. 2015) . Magnetic power spectra with Kolmogorov-like scalings are also seen via Faraday rotation in clusters (Vogt & Enßlin 2005) . These choices introduce the parameters: (ii) Lmax, Lmin. These are the maximum and minimum scale of density fluctuations. Since MHD is scale free, the outer driving scale Lmax establishes a characteristic scale; in particular, when turbulent amplification dominates, it establishes the distance downstream (typically ∼ few Lmax), on which the B-field peaks. This in term sets the required length of the box. In principle, Lmin establishes the peak post-shock vorticity ω ∼ u/Lmin, and thus the timescale (lengthscale) on which exponential amplification takes place. This is relevant to whether the strong B-fields seen in cluster radio relics and supernova thin rims can be amplified sufficiently quickly. In practice, unless Lmin is large, the post-shock vorticity in our simulations is determined by grid-scale and resolution effects. (iii) l diss (or ∆x). These are the scales on which turbulent motions or B-fields are dissipated. In practice, since we cannot resolve these scales, the dissipation scale is given by either the small amount of explicit viscosity we have implemented, or grid scale effects. Estimating the actual Reynolds number of a numerical MHD flow is a thorny issue which resists simple characterization, and we demur from doing so (for discussions of the non-trivial considerations involved in estimating the Reynolds number of numerical hydrodynamic flow, see Aspden et al. 2009; Radice et al. 2015) . In §4, we perform a convergence study to show the critical Lmax/∆x needed to achieve convergence. (iv) C ≡ ρ 2 / ρ 2 . The clumping factor, or amplitude of density fluctuations. We shall see that once the clumping factor exceeds a fairly small threshold, C > ∼ 1.5, results are only weakly dependent on its exact value. Such a threshold is comparable to or exceeded by inferred clumping in the ISM (Leroy et al. 2013 ) and ICM (Simionescu et al. 2011; Battaglia et al. 2013; Zhuravleva et al. 2013 ).
Other important parameters include: (i) MA (MS). The Alfvén (sonic) Mach number of the shock. This determines the amount of bulk kinetic energy which is available to be turned into turbulent kinetic energy, which in turn amplify B-fields up to equipartition values, via the turbulent dynamo. We shall find that the Alfvén Mach number MA is the most important parameter for determining amplification via the Richtmyer-Meshov instability (RMI). (ii) β. Plasma beta parameter, β ≡ P therm /PB. This determines the initial importance of magnetic tension and magnetic pressure in modifying the shock, and vorticity/B-field amplification. It also sets the relation between the sonic and Alfvén Mach number, MA ≈ β 1/2 MS. For the ISM, typically β ∼ 1, while for the ICM, β ∼ 50 in the core, potentially declining to values as low at β ∼few at the cluster outskirts. The plasma β in the ICM outskirts is highly uncertain. However, note that for Coma, Faraday rotation measurements indicate that B ∝ ρ could fall by a factor of 10 or so from the cluster core to outskirts, for larger values of αB. This is also consistent with the scaling P turb /P therm ≈ 0.2(r/R500) 0.8 seen in cosmological simulations (Shaw et al. 2010; Battaglia et al. 2012) , which implies that the turbulent energy density (and by extension the B-field energy density, if the two are in equipartition) could become comparable to the thermal energy density in the cluster outskirts. We therefore consider both high and low values of β for the low Mach number ICM shocks. (iii) Initial field geometry. We expect B-fields in the ICM/ISM to be tangled. We can isolate the effects of initial B-field anisotropy by considering parallel and perpendicular fields. B-field amplification by stretching (turbulent dynamo) is independent of initial field orientation, since the field quickly becomes tangled, losing memory of initial conditions. However, compressional amplification is a factor r (1) for perpendicular (parallel) fields, where r is the density compression ratio. (iv) Initial velocity field. Pre-existing turbulent motions in the ICM/ISM can be decomposed into compressive and solenoidal components. Compressive motions result in density fluctuations, which we have modeled. However, we shall ignore the solenoidal component. Pre-existing vorticity is amplified at a shock: just as for the B-field, the component parallel to the shock normal is continuous, while the perpendicular component is enhanced by the density compression ratio r. This enhanced vorticity ω ∼ (cos 2 θ + r 2 sin 2 θ)ωo, for a vortex tube with initial vorticity ωo inclined at angle θ to the shock normal, is available to amplify Bfields. In practice, pre-existing vorticity is only important for low MA shocks, before it is overwhelmed by baroclinically generated vorticity. We have verified this theoretical expectation directly in numerical simulations. (v) 2D vs 3D. Most of our simulations are done in 2D, although we run several 3D simulations to confirm our results. These are critical because MHD turbulence can be significantly different in 2D and 3D. In particular, 2D turbulence has only 1 non-zero component of vorticity. Thus, 2D prevents the stretching of vortex tubes (∝ ω · ∇v = 0), which plays an essential role in the 3D turbulent cascade. This in turn may impact the turbulent dynamo. For the most part, we find broadly similar results in 2D and 3D, with the notable exception of post-shock field geometry.
Vorticity and Magnetic Field Amplification Across Shocks
There are two key pieces of physics which are worth reviewing before we proceed. One is the jump in vorticity across a rippled shock interacting with density enhancements (the RMI). The subsequent downstream turbulence enables a small-scale dynamo. The second is the time-dependent evolution and saturation of the turbulent dynamo.
For an MHD shock, the component of vorticity normal to the shock is continuous (δω b = 0), and the jump in the component parallel to the shock is (Kevlahan 1997; Porter et al. 2015) :
where the subscripts 1, 2 refer to the upstream (downstream) fluid, and the shock compression ratio r = ρ2/ρ1 = 1 + µ. We also defineq,ẑ to be orthogonal directions tangent to the shock, ∂/∂s =q · ∇, and T = B · ∇B is the magnetic tension. The first term reflects vorticity enhancement during shock compression due to conservation of angular momentum (for similar reasons, the shock perpendicular B-field is continuous, while the shock parallel B-field is enhanced due to flux conservation). The second term, which depends on a density gradient, reflects the baroclinic generation of vorticity across the shock in a non-uniform flow (cast in a more general form than ∇P ×∇ρ). The third term accounts for vorticity generation due to variations in the shock normal speed (and hence refraction of streamlines). For instance, vorticity generation due to curved or intersecting shocks falls into this category. The last four terms reflect the Maxwell stresses due to B-fields. These are potential sources of vorticity. For instance, magnetic pressure is anisotropic, thus implying that the total pressure is no longer barotropic, and allowing baroclinic vorticity generation. Magnetic tension due to a field with varying angle of inclination to a the shock can also induce a vorticity jump (Porter et al. 2015) , or suppress vorticity (Fraschetti 2013) . However, both of these effects scale as ∼ 1/M 2 A ; for the high MA shocks we consider, they are negligible. For the most part, we can focus solely on baroclinic generation of vorticity, which produces a vorticity jump of δω ∼ v sh /lρ, where v sh is the shock speed and lρ is the density scale height.
How does the post-shock solenoidal velocity field amplify B-fields? The magnetic field obeys the induction equation which closely parallels that for vorticity. Studying the evolution of the vector field is less useful (since for an isotropic field, B = 0); more illuminating is the equation for the evolution of magnetic energy density:
where the left hand side is the Langragian time derivative. The first term represents B-field amplification by stretching, which is the principal mechanism of the turbulent dynamo. The second represents field amplification by compression. We shall subsequently use this equation to measure the relative importance of stretching and compression. Note that in principle amplification by compression is a reversible process, while stretching is irreversible and represents a true dynamo. From equation (13), stretching results in exponential amplification EB ∝ exp(t/τm) on a timescale τm ∼ l/v ∼ ω −1 , i.e., the inverse of the vorticity generated at the shock. Note that ω ∝ v/l ∝ l −2/3 for Kolmogorov turbulence; i.e., it is dominated by motions at the smallest scales lm. Estimates of turbulent amplification which assume amplification timescales of order the eddy turnover time at the outer scale t edd ∼ Lmax/v, sometimes argue that turbulent amplification cannot explain the large post-shock field, which appears almost immediately after the shock.
However, the B-field efolds on the eddy turnover time of the inner scale, with ω ∼ τ
edd . The efolding length is thus of order le ∼ vτm ∼ lm, which is very short and thus potentially compatible with the strong B-fields seen immediately downstream in cluster radio relics and supernova thin rims.
However, exponential growth only takes place for a limited period of time. As the B-field grows, magnetic tension starts to play a role, inhibiting vortical motions and field line stretching. This suppression happens when B · ∇B ∼ ρu · ∇u, or when 
Thus, the magnetic energy quickly transitions from exponential growth to linear growth, with the majority of the amplification taking place in the linear growth phase. During this time, ls ∝ t 3/2 , until we reach the outer scale L and achieve equipartition, B 2 ∼ u 2 ; at this time, the coherence length of the B-field (as dictated by magnetic tension) is of order the outer scale. This picture of the turbulent dynamo has been verified in MHD stirring box simulations (Schekochihin & Cowley 2007; Cho et al. 2009 ), and we shall use it in our analysis of B-field amplification in the post-shock flow.
We caution the reader that conditions in the post-shock flow can be quite different and less controlled than in stirring box simulations. For instance, turbulent forcing is anisotropic and impulsive; turbulent forcing does not reach a steady state but decays in the post-shock flow. We have no control over the velocity power spectrum. In our setup, temporal variation maps onto spatial variation; properties of the flow such as turbulence and B-fields are a strong function of post-shock distance, and hence highly anisotropic.
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Most significantly, RMI induced turbulence does not cascade from large to small scales, but instead is injected impulsively at all scales; it violates locality in k-space. Thus, we might expect the power spectrum of turbulence to be more Burgers-like (E(k) ∝ k −2 ) than Kolmogorov-like. While the quantitative details of the small scale dynamo will certainly differ between RMI induced turbulence and that seen in stirring boxes, we expect the broad brush aspects to remain the same. As long as the turbulent energy density is dominated by large scales and vorticity is dominated by small scales (true as long as E(k) ∝ k −n with n > 1), then we expect magnetic energy to grow in an inverse cascade from small to large scales, with magnetic tension mediating a transition between exponential and linear growth. We will now see if these ideas are applicable to our simulation results.
RESULTS
In what follows, we describe the results of 2D simulations with an initially perpendicular field. We will describe the results of varying initial B-field geometry and 3D simulations later. We consider β = 1, 40. The former is a typical plasma beta for the ISM, and as argued in §3.1 may even be representative of the outskirts of galaxy clusters, where radio relics are more commonly seen.
The β = 40 case is more representative of the plasma beta in the bulk of the ICM. The slight flattening seen in the β = 40 case at high M A is due to inadequate box length: higher saturation levels require more time and a longer box. B 0 is the initial field, B max refers to the maximum vertically (y) averaged field for a strip of distance x from the shock, while Bmax refers to the maximum field in the simulation box.
4.1 Dependence on MA Fig. 1 shows how the maximum amplification in a simulation box (Bmax/B0) and the maximum y-averaged B-field B max (i.e., averaged in strips parallel to the shock; this is thus the maxima of B-field profiles such as shown in Fig. 4a, 4b ) vary with the Alfvén Mach number MA, for a range of resolutions and for β = 1, 40 (solid, dashed lines respectively). We see that amplification increases with resolution, but we eventually reach convergence between the 2048 × 512 and 4096 × 1024 simulations. We will have more to say about convergence properties later. We see a linear relation B/B0 ∝ MA, as expected (Fraschetti 2013 ). This can be easily understood: for a strong shock encountering sufficient density fluctuations (see below) to excite strong turbulence,
The Alfvén Mach number thus determines the amplification factor, while the sonic Mach number MS determines the absolute value of the peak magnitude field (since UB ∝ U turb ∝ Uram ∝ M 2 S ). This also implies that up to factors of order unity, the postshock field strength is roughly independent of its pre-shock value. As we shall see, once clumping exceeds a threshold value, a significant fraction of the incoming energy flux is converted to turbulence, and the magnetic energy density reaches equipartition with this. The main differences we later find is that for weaker seed fields, the peak field strength is reached further downstream, and field geometry differs when compressional and turbulent amplification dominate.
A few other features of these plots are worth noting. Bmax/B0 is significantly larger than B max/B0, by up to a factor of ∼ 5, implying strong fluctuations in B-field strength. This can also be seen in Figs 9 and 10. These fluctuations are to be expected in the presence of large scale turbulence. Secondly, for MA ≥ 30, the B-field amplification depends only on MA, and is independent of β (note that MA ∼ 30 is the lowest Alfvén Mach number accessible for β = 40 and MS ≥ 4; we expect the β independence to be true down to MA ∼ 10). This makes sense: this corresponds to the case where turbulent amplification strongly dominates (Fig. 2) . For MA 1, Uram UB 0 , U therm ; the initial B-field is dynamically unimportant and β scales out of the problem. Note that the curves start to flatten for MA > 150. This is a purely numerical effect: the smaller initial B-field means that it takes longer to amplify the fields up to their peak, and our box length is insufficient. Nonetheless, the main trends are clear from this plot.
Compressional vs Turbulent Amplification
In Fig. 2 , we see the time averaged ratio of the stretching B · (B · ∇)v and compression |B| 2 ∇ · v terms in equation 13, as a function of the Alfvén Mach number MA. We see that compression dominates at low MA, while stretching dominates at high MA, with a cross-over at MA ∼ 10. Compression has a fixed amplification given by the shock compression ratio r ∼ 2 − 4 (depending on the Mach number of the shock) for a perpendicular field, and [(2r 2 + 1)/3] 1/2 for an isotropic tangled field. This transition from compressional to turbulent amplification has implications for postshock magnetic geometry (green line, Fig.  2 ). In low MA shocks, when turbulent motions are suppressed by magnetic tension, the field is relatively static and passively advected across the shock, with the perpendicular field amplified by the shock compression ratio, and the parallel field continuous across the shock, resulting in a field with perpendicular bias (note that our results are for a perpendicular field, which maximizes the contribution of compression; it is smaller for an oblique or tangled field). As turbulent amplification becomes increasingly important, the field becomes increasingly tangled, reaching isotropy at high MA. As we shall see, while the result for field geometry at low MA is robust, the isotropy seen at high MA is a 2D artifact. In 3D simulations, far downstream from high MA shocks, fields have a parallel bias.
Energy densities
In Fig. 3 , we show how the thermal, magnetic and turbulent energy density evolve as a function of distance from the shock. In the high Mach number case, the turbulent energy density 8 increases sharply at the shock, slowly decaying due to numerical viscosity and Bfield growth via the turbulent dynamo (which saps energy from turbulent motions and eventually damps them via magnetic tension). Turbulent and magnetic energy densities reach equipartition. This is consistent with the post-shock lengthscale in Fig. 3 on which the B-field reaches equipartition:
where n is the number of eddy turnovers for the B-field to peak, and we have used a downstream bulk velocity of v d = vs/4 for a strong shock, a turbulent velocity dispersion σ ∼ 0.1cs ∼ 0.1vs (since we see that U turb ≈ 0.01U therm for a strong shock). A value of n ∼ 2 eddy turnover times is consistent with Fig. 3(a) , (where Lmax = 0.5), though note that n increases in cases where the initial seed field is weaker, since a longer time during the linear growth phase is required. The turbulent and magnetic energy densities then slowly decline together in tandem due to a combination of numerical viscosity and resistivity. By contrast, for the low Mach number case, turbulence is energetically subdominant, and the turbulent dynamo is never important. Instead, the pre-existing magnetic field is simply compressionally amplified at the shock (we have verified this directly by comparing the compressional and stretching terms).The low Mach number, rather than magnetic tension is the reason for the low levels of turbulence: a M = 4 shock with an initially weak field (β ≈ 50) shows comparably low levels of turbulence. Fig. 4 shows profiles of magnetic field strength, turbulent energy density and vorticity as a function of post-shock distance, for different resolution runs. Naively, one might expect B-fields and vorticity to have broadly similar profiles, since the vorticity equation for ω and the induction equation for B are mathematically very similar 9 . In fact, they look extremely different. As we have seen before, the B-field rises rapidly after the shock and subsequently slowly decays due to numerical resistivity. Fig. 4 shows that magnetic field profiles are reasonably well converged, up to MA ≈ 130 (higher MA implies more turbulent amplification and more stringent resolution requirements), as one might have expected from Fig. 1 . Similarly, the profiles of turbulent energy density are numerically converged -as expected, since U turb and UB reach equipartition. Besides the vertically averaged profiles, we have also examined the probability density function (PDF) of B-fields in the simulation boxes (not shown), and found that they are converged. Note that in this case, our fiducial resolution of 2048 × 512 corresponds to ∼ 50 cells over the coherence length L. Besides increasing resolution, the Reynolds number may be formally increased by increasing Lmax at fixed resolution. We have performed calculations where we increase Lmax by a factor of 5, and find similar maximum B-fields.
B-field and vorticity profiles; convergence
However, Fig. 4 shows that vorticity profiles are very different from B-field profiles, and moreover are not numerically converged. Vorticity rises sharply at the shock, and subsequently decays due to numerical viscosity, since there is no further driving or source of free energy in the post-shock fluid (unlike the case for B-fields, which can feed off the turbulent dynamo to keep growing). Moreover, the lack of convergence shows that vorticity is essentially unresolved and dominated by grid scales; it grows continuously with increasing resolution. Vorticity would be converged if we implemented a larger viscous term in our equations; to maximize our available dynamic range, we have not chosen to do so. Fortunately, this lack of convergence does not affect the main quantity that we are interested in, the magnetic field B(x) . It does affect the rate of initial exponential B-field growth, which one expects to have an e-folding time τ ∼ ω −1 . We have directly verified this expectation for growth time in the exponential phase, particularly for the high MA shocks in Fig. 1 , when the exponential phase is most extended. One can see these different rates of post-shock B-field growth for different resolutions in Fig. 4 . However, the saturated, maximum B-field amplitude is determined by equipartition with turbulence, whose energy density is dominated by gas motions at large scales, rather than grid scale dynamics. Resolving small scale motions (which are quickly stabilized by magnetic tension) is not important.
Many papers on RMI B-field amplification at shocks in the literature do not present convergence studies. However, by the criteria we present, we believe most studies on planar shocks should have converged maximum B-fields. An interesting exception, where a convergence study was performed and results were not converged, was presented by Guo et al. (2012) . They performed high-resolution 2D simulations of supernova blast waves propagating through a medium with Lmax = 3 pc, and a resolution of 7.5 × 10 −3 pc; since Lmax/∆x = 400, they should be amply converged by our criterion. However, when the forward shock has a radius of ∼ 5 pc, they analyzed a rim within ∼ 0.3pc of the shock front and found that the total magnetic energy increased continuously with resolution. The B-field PDF in this region was also not converged. This is to be expected: the narrow region behind the shock is still in the exponential growth phase; convergence in this region requires much higher resolution, since the growth rate is pro- portional to the (unconverged) vorticity behind the shock. We also note that since r shock ∼ Lmax, the peak downstream B-field may not be captured (cf equation 15); also, curvature of the shock front may become important.
It is also interesting to compare how gas motions differ in hydrodynamic and MHD simulations (Fig. 5) . One might expect magnetic tension to inhibit small scale motions, and thus for vorticity profiles in MHD and hydro simulations to differ significantly. In fact, they are broadly similar. This is consistent with vortical suppression and decay being chiefly controlled by numerical dissipation. By contrast, the turbulent energy density profiles are very different in hydrodynamic and MHD simulations. The hydrodynamic simulations show that the turbulent energy density remains strong (with large scale fluctuations) after the shock. By contrast, the MHD simulations for the same sonic Mach number show a turbulent energy density which continuously declines to lower levels. The turbulence transfers energy to the magnetic field, and magnetic tension starts to stabilize increasingly larger scales as the B-fields approach equipartition.
Impact of density inhomogeneities
In Fig. 6 , we show the dependence of the turbulent energy and Bfield profiles on the gas clumping factor C = ρ 2 / ρ 2 . Characteristic values one might expect for the ISM (Ridge et al. 2006; Wong et al. 2008 ) and the ICM (Simionescu et al. 2011; Zhuravleva et al. 2013 ) are C ∼ 2, albeit with potentially significant scatter and spatial variation. Fortunately, our calculations show that over a broad range of clumping factor C = 1.5 − 10, there is only mild variation of vorticity and B-field amplitudes, both for strong and weak shocks. Thus, our results are relatively insensitive to assumptions about gas clumping, which is fortunate, since (particularly in the ICM outskirts) this is a poorly constrained quantity. This saturation of baroclinic vorticity generation and consequently of the turbulent dynamo at relatively small clumping factors was already seen by Inoue et al. (2013) . They noted this saturation is consistent with expectations from the simple linear analysis by Richtmyer (1960) , where the turbulent velocity dispersion is:
where v sh is the shock speed and η is the ellipticity of density fluctuations (which vanishes for the isotropic conditions we have assumed). Once rms density fluctuations are of order unity, this expression implies asymptotic turbulent velocities ∆v ∼ v sh ∼ cs,2, i.e. postshock turbulent energy densities which are comparable (to within a factor of a few) of thermal energy densities. While this is true of hydrodynamic simulations, and MHD simulations in the immediate postshock region, we have already seen that MHD simulations show considerable decline in U turb due to transfer of energy to B-fields and subsequent magnetic tension. Thus, when B-fields reach equipartition with turbulence, turbulent velocities are much smaller (in our simulations with MA = 133, we see σ ∼ 0.1cs, and U turb ∼ 10 −2 U therm ).
Initial velocity field
Thus far, we have ignored any initial velocity fluctuations in the pre-shock medium, arguing that turbulent fluctuations in the postshock fluid are much larger. We now check this explicitly by considering a box where the pre-shock medium has a subsonic (MS ∼ 0.5), solenoidal (and thus incompressible) velocity field. The Mach number of turbulent velocities is what can be expected in the ISM/ICM, to within a factor of a few. To avoid perturbing the imposed density field, we only initialize the velocities a short distance ahead of the shock front as it propagates across the box (note that shock crossing times can be comparable to eddy turnover times, since L box /Lmax = 40). The differences between the static and dynamic initial conditions are shown in Fig. 7 ; in all cases, the differences are relatively minor. This reinforces our point that baroclinically generated vorticity is more important than amplification of pre-existing vorticity. Most of the simulations in this paper involve perpendicular (or parallel) B-fields, which are force free. The exception is the isotropic B-fields in 3D runs, which are not force-free. However, for the high MA runs, the velocities generated in the pre-shock medium are two orders of magnitude smaller than turbulent velocities in the post-shock medium, and consequently are negligible. In the small MA runs, pre-existing velocities are not negligible, but in any case the turbulent dynamo is sub-dominant to compression amplification.
Upstream field geometry; 2D versus 3D simulations
We now examine the impact of upstream field geometry, and how simulation results differ in 2D and 3D. Fig. 8 compares 2D and 3D results for initially perpendicular and parallel fields, for simulations matched to the same resolution. We see that there is good agreement between 2D and 3D simulations for perpendicular fields, while for parallel fields, differ slightly but remain broadly consistent.
In the plots the peak B-field amplification in the perpendicular and parallel cases differ by a factor of ∼ 2−3. For an isotropic field, we have also found that amplification is a factor of ∼ √ 2/3 ∼ 0.5 of the Fig. 1 values. Note that no compressional growth is expected for a strictly parallel field in an undeformed shock; for the M = 4 compression dominated case, where only a weak turbulent dynamo operates, the difference in amplification can be understood in this light. What is more interesting is the much slower initial growth for the parallel field in the M ∼ 133 case, which is likely due to the fact that a parallel field is initially harder to deform and twist: the dominant velocity dispersion, in the x-direction, does not deform the field. The asymptotic maximum of B-field strength depends only on the shock Mach number and is for the stretching dominated high Mach number case, is eventually the same for perpendicular and parallel fields. However, for the parallel case, it reaches this maximum much further downstream (the plot ends when the field is still in the linear growth phase). These results suggest that both in the compression and stretching dominated cases, rapid amplification to strong B-fields indicated by strong radio emission immediately downstream of the shock require perpendicular fields. Along with the increased efficiency of cosmic ray acceleration at perpendicular shocks (e.g., Giacalone (2005) ), this potentially explains why bright supernova thin rims are only seen in certain regions Figure 6 . Dependence of turbulent energy and magnetic field strength on gas clumping factor C = ρ 2 / ρ 2 : blue -C = 1.5, green -C = 2.0, red -C = 2.5, cyan -C = 3.0, magenta -C = 10. Above a threshold value of C ≈ 1.5, these quantities show only a mild dependence on the clumping factor. (and in some cases, such as SN1006 and G1.9+3, have a bipolar symmetry). Fig. 9 shows the slice plots of magnetic field from 2D simulations with an initially perpendicular field, superposed with line integral convolution of magnetic vector field. For strong shock case in Fig. 9a , field lines are significantly stretched and the sizes of magnetic eddies are large. They increase downstream due to coalescence of eddies; the inverse cascade in 2D MHD means that eddies grow in size over time. In Fig. 10 , we show the same quantities for a 3D simulation with an initially isotropic field. There is considerably more small scale field structure, in part due to the initially tangled field (a similar 3D calculation for a perpendicular field shows more large scale coherence), and in part due to the cascade to small scales in a 3D calculation. By contrast, in the low Mach number, compression dominated case, the field retains large scale coherence in both the 2D (perpendicular) and 3D (isotropic) cases.
In the 2D strong shock case, the magnetic field in post-shock region quickly becomes isotropic regardless of the initial field configuration. However, in 3D, for a strong shock the downstream field clearly exhibits anisotropy, even with an initially isotropic field (see the far downstream region in Fig. 10 , and see Fig. 11d ). This can be understood by considering the stretching term in the induction equation for the B-field:
where repeated indices imply summation, and comparing with vorticity: ωx = ∂yvz −∂zvy, ωy = ∂zvx −∂xvz, ωz = ∂yvx −∂xvy. In 2D, there is only one non-zero component of vorticity, ωz, which contributes equally to Bx, By. Thus, field growth via the turbulent dynamo is isotropic in 2D. However, in 3D, all three components of vorticity are non-zero. Moreover, vorticity is anisotropic: ωx < ωy, ωz, with ωy ≈ ωz. We can see this in Fig. 11c . This makes sense: ωx involves velocity gradients only in a plane parallel to the shock, and does not involve the dominant shear in the direction of shock propagation. Only after sufficient mixing, when velocity isotropy is achieved, do all 3 components of the vorticity equalize 10 . Thus, field growth which involves ωy, ωz instead of ωx is going to be faster. Examining equation 17, ∂tBx has two such components, both involving the dominant motions in the xdirection: By∂yvx, Bz∂zvx, while ∂tBy, ∂tBz each only have one component (Bx∂xvy and Bx∂xvz, respectively). Thus, Bx will be preferentially amplified when the turbulent dynamo operates. This radial bias has also been seen in previous 3D calculations (Inoue et al. 2013; Yang et al. 2013 ). This anisotropy in RMI generated B-fields can explain the radial B-field bias seen far downstream of the shock seen in polarization observations of supernova remnants. By contrast, the Rayleigh-Taylor instability (Jun & Norman 1996) only operates in the vicinity of the contact surface. In short: if the field amplification is compression dominated, the non force-free B-fields) ω y,i ω z,i are compressionally amplified, while ω x,i is not then the perpendicular field is preferentially amplified, in both the 2D and 3D calculations. For strong shocks, where turbulent amplification dominates, an anisotropic field with a parallel bias develops in the far-down stream, and the field quickly cascades to smaller scales due to the rapid development of turbulence.
CONCLUSIONS
Our basic conclusion is that turbulent field amplification can be an important mechanism for generating the strong magnetic fields seen in the high Mach number shocks of supernovae, but its role is less clear in the low Mach number shocks of ICM radio relics. In supernovae, M ∼ MA ∼ 10 2 . From Fig. 1 , simulations in this regime suggest the amplification factor of over 100 in maximum field strength, which is consistent with the fact that field strength in SNR can be magnified up a to ∼ 100 µG from several µG. Note also the field growth rates depend on magnetic geometry, and are strongest for perpendicular fields. Magnetic coherence lengths in the ISM are comparable to the size of supernova remnants and in some cases potentially larger. Thus, varying field geometry affects both cosmic-ray acceleration and field amplification and is plausibly responsible for the variation of synchrotron brightness around the remnant's shell. The polarization seen in the supernova remnant is also consistent with the radial B-field anisotropy we see far downstream of the shock when B-fields are amplified by RMIgenerated turbulence. By contrast, in the M ∼ 4 shocks associated with radio relics in the ICM, the amplified magnetic field strength is ∼ µG, while the pre-existing field strength is unknown. For β ∼ 1 − 50, MA ∼ 3 − 20 (for M ∼ 4). From Fig. 2 , the effects of compression are comparable or larger than that of turbulence, with a maximum field amplification by a factor of ∼ 5. Of course, it is important to note that since B/B0 ∝ MA, the post-shock Bfield strength is approximately independent of its upstream value. Thus, the turbulence dynamo can explain observed field strengths. For very weak initial fields, the peak B-field can be significantly downstream of the shock, which is potentially relevant to the offset seen between X-ray and radio in some systems. However, compressional amplification is also consistent with the strong perpendicular anisotropy in the B-field behind the shock, as revealed by polarization measurements. This occurs even if the pre-shock Bfield is isotropic. If instead the field were turbulently amplified, the resultant random field topology would be inconsistent with observations. This thus requires that the ambient ICM in the pre-shock field have field strength of order ∼ 0.2−1µG, which is not implausible if the B-field field is in equipartition with turbulence (and the turbulent energy density is in turn a significant fraction of the thermal energy density). Such an explanation has been canonical for the fields seen in radio relics (e.g., Iapichino & Brüggen (2012) ).
Our other conclusions are as follows:
(i) Shock amplification by RMI induced turbulence is proportional to the Alfvén Mach number: B/B0 ∝ MA, independent of the plasma β. Our main takeaway plot is Fig. 1 . As expected from dynamo theory, the B-field undergoes exponential growth followed by linear growth with time. (ii) Turbulence (compression) dominates amplification at high (low) MA, with a crossover at MA ∼ 10. Compression produces a postshock field with a perpendicular bias, while turbulent amplification produces a downstream parallel bias. The parallel bias can be understood from the dominant velocity shear in the shock propagation direction creating anisotropic vorticity, and is only apparent in 3D simulations (fields are isotropic in 2D). (iii) In a strong shock, turbulent and magnetic energy densities reach equipartition a distance of ∼ few Lmax (where Lmax is the outer scale of density fluctuations and induced turbulence) downstream of the shock. Turbulence decays due to transfer of energy to magnetic fields, and stabilization by magnetic tension. (iv) Vorticity (which rises sharply at the shock and rapidly decays) is unconverged in our simulations, and increases with higher resolution. Fortunately, convergence requirements are much less stringent for B-fields, which are numerically converged even if vorticity is not. The asymptotic magnetic energy density is dominated by gas motion at large scales, while vorticity is dominated by small scale dynamics. However, the exponential phase of B-field amplification in the immediate postshock region is sensitive to resolution effects.
(v) Above a critical threshold of C ∼ 1.5, B-field amplification quickly asymptotes and depends only weakly on the gas clumping factor C ≡ ρ 2 / ρ 2 . This is fortunately, since the latter is quite uncertain. (vi) For conditions in the ISM and ICM, we expect turbulence generated by the RMI to overwhelm compressional amplification of pre-existing turbulence (which should be unimportant in dynamo operation). (vii) Field amplification is strongest for a perpendicular field; it is lower by a factor of ∼ 2.5 for a parallel field, and ∼ 2 for an isotropic field. Moreover, field growth is slower for a parallel field; we expect strong immediate postshock fields to be associated with perpendicular pre-shock fields.
